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Received 28 June 1982

Abstract. In this letter we give conditions under which a certain, very general, version
of the ice model of lattice statistics can be solved. Special cases of this model include the
eight-vertex model, the three-colour problem and the staggered ice model soluble by the
Pfaffian method. All of these special cases are shown to satisfy our criteria of solubility.

Various models of phase transitions defined on periodic lattices have received consider-
able theoretical attention. Of importance in this respect are the vertex models (for a
review see Lieb and Wu 1972) and in particular the eight-vertex model (Fan and Wu
1970). This last problem was solved, in the symmetrical case, by Baxter (1971, 1972,
1973a, b, ¢). In the literature on the eight-vertex model, a so-called generalised
ice-type model is encountered (see Kumar 1974, § 3(d)), which should not be confused
with the general six-vertex model of Sutherland et al (1967).

In this letter, we shall consider this very general problem as a lattice model in its
own right. We do not go into great detail but we shall present a set of conditions
that the weights of the model must satisfy. Some special cases that meet these
requirements are then considered.

Let us now define the model. Consider a square lattice of M rows and N columns
and place an integer m (I, J) on each face (I, J) (where 1</ <M and 1<J <N) such
that integers on adjacent faces differ by unity. We have therefore

mIL ) -m(LT+D|=|mI+1,1)~m([,])|=1 (1)
together with the following boundary conditions

|m(M +1,7)—m(1,J)|=L xinteger (2a)
and

Im(I, N +1)-m(I, 1)] =L xinteger (26)
where L is some, as yet, unspecified integer and m(M +1,J) and m(I, N +1) are the
values of the integers on the upper and right-hand borders of the lattice, respectively.

One now defines a Boltzmann weight function for each group of four integers around
each vertex (see figure 1),

WUILNDN=Wm{,J),mI+1,J);mI,J+1),mI +1,J+1)).
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m(I+1,7J) I mI+1,7+1)
m(I,J) ‘ m(l,J+1)
Figure 1.

The reader may check that there are only six basically different types of weight function
which we shall write as

Wimm-1m+1, m)=an Wmm+1l,m-1,m)=a,,
Wimm-1;m-1,m-2)=b,, Wimm+1l;m+1,m+2)=b,, (3)
Wimm-1:m—-1, m)=cm Wim,m+1,m+1,m)=c.

Figure 2 should make this clear.

m—1 m+1 m-1 m+1 m-1 m+1
m><m m><m m><m—2 m><m+2 m><m m><m
m+1 m-—1 m-1 m+1 m-1 m-+1
A an B b Cm Com

Figure 2.

An assumption we shall now make is that the weights are periodic in L, so that

AmsL=Qmy ..., CmeL =Cm, form =1,..., L. The partition function will be
M N
z={l I wu,n} (4)
I=1J=

where the summation is to be taken over all sets of integers which are distinct to
modulus LZ{L >2) and the quantity in brackets is the product of weights for each set
of integers m(1, 1), m(1,2), ..., etc.

We shall now exhibit the conditions that the 6L weights a,,, ..., ¢,, must satisfy
in order that the model be tractable by an extension of the Bethe ansatz (see Lieb
1967 for an introduction). We first define two intermediate parameters

Gy = A — CmCom (5a)
and

B =b-1bmr (5b)
so that we can now introduce four further parameters

Foo = A (6a)

Sm = ~FmC mCm+1+ CmBrmC m+1Bm+1 (6b)

fm = C i 1Cm + ComCona1 F AmC o Coms1 + Com1Brm—1C e (6¢)
and

Um = (@m + CmC m )E m-1Cm+1— BmCmC m. (6d)
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The conditions are now most conveniently expressed in the following way,

Tm = Fm+1 (7a)
Sm = St (76)
ton = byt (7¢)
U = Upm+1 (7d)
for m=1,...,L. In other words, the functions of the weights (6a)-(6d) must not

involve the integer m explicitly. Strictly speaking, (7d) is a consequence of the other
three, but it cannot be written as a function of 7, s, and #,. A full derivation of
equations (6) is given in the author’s thesis (see Pegg 1981).

We now wish to indicate that special, soluble cases of this model exist.

The eight-vertex model. To show that the symmetrical eight-vertex model (Baxter
1972) can be reduced to a special case of the generalised model requires a lengthy
discussion. The weights (3) can be shown to be complicated functions of certain
parameters which depend on m. One may show that, after lengthy algebraic manipula-
tions, all m-dependent terms drop out of the invariants (6) which assume the following
values

rm=(@*—cH(b*-d?» sm=(bc*—ad>(—a*+b*+c*-d?)

tw=a’+b*+c*+d? Um =(a*>—=b(c*-d?

®

where a, b, ¢ and d are the Boltzmann weights of the eight-vertex model. Thus the
eight-vertex model has been shown to be soluble by algebraic means alone (Kumar
1974). There are certain restrictions on the integer L but these are of a rather technical
nature (Baxter 1973a, § 1).

The three colouring model. This problem concerns the number of ways of colouring
the faces of a square lattice using only three colours (1, 2 and 3 say) such that no two
contiguous faces are coloured alike. One generalises the problem further (Baxter
1970) by giving the colours ‘activities’ z1, z; and z3. One has then to evaluate a
partition function of the form

Z=3 Y ¥ glny, ny,ny)zi1z52252 ©9)
ni nz n3
where g (n1, na, n3) is the number of ways of colouring the lattice with n; faces coloured
1, n, coloured 2 and n; coloured 3. This problem is readily reduced to a generalised
six-vertex model. We set L =3 and

Zm = Em(Emss=&n) (10)
for m =1, 2 and 3. The weights (3) are easily seen to be

O = A = Em-1bmbm st b = Em-1bmbm1 an

Cn =Cono1 = E€m-1m b = bm-1bmbms1

and the invariants are easily worked out. They are
Py =Um =0 S =(212223)° bn =2122+ 2223+ 2324 {12)

which are of course independent of m and the niodel is soluble. We note in passing
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that the values of (12) are those of an eight-vertex model with a = b = ¢ and with
212223 =ala’*-d? 2122+ 2223+ 232, =3a°+d>. (13)

The staggered six-vertex model. Our final special case is the so-called staggered ice
model of Wu and Lin (1975). We shall assume L to be an even integer and we shall
set

Am=d, - am=al bm=b._ bn=b

Com =Coy - Cm=Ch_ (14)
for m even and odd, respectively. One may easily convince oneself that, chessboard
fashion, the even values of m alternate with those of odd m (M and N are assumed
to be even integers). The conditions (7) now become quite simple and are

roe=r_ Sy =5_ ty=1t_ U= U.- (15)
in an obvious notation. They are found to be satisfied when
a.al +bbl —cicl =0 a_a. +b_ b —c_c. =0 (16)

which are the free-fermion conditions of Wu and Lin who used the algebra of Pfaffians.
The invariants (6) have the values

P =-b b\ b_b" Sm=b.bib_b (c.c. +clco)
(17)

tm=cC.c_ +che_ Um=asara_a. —b.b\ b bl

for even and odd values of m.

In conclusion, then, we have shown that the generalised ice model can be shown
to include two other models as special cases as well as the eight-vertex model. We
have also given a set of conditions of solubility which must hold for the model to be,
in principle, soluble. All of the special cases discussed in this letter satisfy these
conditions but the solution of the general model is beyond the scope of this letter.

The author wishes to thank the Science and Engineering Research Council for financial
support.

References

Baxter R J 1970 J. Math. Phys. 11 3116

—— 1971 Phys. Rev. Lett. 26 832

—— 1972 Ann. Phys.,, NY 70 193

-——— 1973a Ann. Phys., NY 76 1

~—— 1973b Ann. Phys., NY 76 25

~—— 1973¢c Ann. Phys., NY 76 48

Fan C and Wu F Y 1970 Phys. Rev. B2 723

Kumar K 1974 Aust. J. Phys. 27 433

Lieb E H 1967 Phys. Rev. 162 162

Lieb E H and Wu F Y 1972 Phase Transitions and Critical Phenomena vol 1, ed C Domb and M § Green
(New York: Academic) pp 331490

Pegg N E 1981 PhD Thesis Nottingham University

Sutherland B, Yang C N and Yang C P 1967 Phys. Rev. Lett. 19 588

Wu F Y and Lin K'Y 1975 Phys. Rev. B 12 419



